We present a new approach for the outflow boundary conditions of Stokes equations in hemodynamics. We first describe some existing 3D-0D cou-13 pling methods and highlight benefits and disadvantages of each of them. We then 14 introduce a new method that consists in adding a 3D artificial part where the 15 Navier-Stokes equations are modified to obtain an equivalent energy balance to 16 a standard coupling with a 3-element Windkessel model. We investigate theoreti-17 cally the stability of the system and compare it to previously introduced methods. 18 Finally we compare these coupling methods for numerical simulations of blood 19 flow in three patient-specific models, which represent different flow regimes in 20 the pulmonary and systemic circulations. The new method, especially in its hybrid 21 form, is a possible alternative to existing methods. It can be in particular convenient 22 in codes that do not allow users to implement non-standard boundary conditions. 23 29 duced models of the rest of the circulation. This typically involves coupling to 1D 30 models (e.g. [8, 15, 33, 41]), or simple lumped parameter 0D models (e.g. [18, 31 37, 42, 44]) or closed loop lumped parameter 0D models (e.g. [3, 10, 25, 28, 30]).
Introduction

24
The three-dimensional Navier-Stokes simulation of blood flow in large vessels re-25 quires inlet and outlet boundary conditions that represent hemodynamics at these 26 locations. However, in patient-specific settings, pressure or velocity are rarely clin-27 ically measured exactly there, or they can be part of the desired output [43] . Thus, 28 boundary conditions are usually substituted for transmission conditions with re-notation is defined in Figure 1) :
where u : Ω 1 × R + → R 3 is the velocity, p : Ω 1 × R + → R is the pressure, and 100 ε(u) = 1 2 (∇u + ∇u T ) denotes the strain rate tensor.
A new formulation 141
Formulation 4a: 3D-3D . We propose a possible alternative to the previous ap-142 proaches. System (1)-(4) is coupled to a modified Navier-Stokes system. Instead 143 of a 0D model, an artificial 3D domain Ω 2 is added to the 3D domain of interest Ω 1 144 (bottom of Figure 1 ). In Ω 2 , the Navier-Stokes equations are modified by adding 145 terms to recover an energy balance similar to the one obtained with Formulation 3. 146 The resulting system can be written in a compact form in Ω 1 ∪ Ω 2 :
where α, β and γ vanish in Ω 1 , to recover the standard equations (1)-(4), and are 148 positive in Ω 2 . As indicated in Figure 1 , the surface Γ 2 consists of the wall of 149 the added artificial volume, i.e. Γ 2 = ∂Ω 2 \ Σ. In other words the added artificial 150 surface acts as a "cork".
151
Parameter α is a distributed version of the capacitance (C) in the Windkessel model.
152
Parameters γ and 1/β play the role of the proximal (R p ) and distal (R d ) resistances 153 respectively. Their values will be discussed in Section 2.4. Note that the term βp 154 acts as a sink, whereas the term α∂ t p acts as a sink when the pressure increases and 155 as a source when the pressure decreases. The additional term ρ u 2 ∇·u is necessary to 156 ensure stability in the energy norm, because the fluid is no longer incompressible in Figure 2 : 3D-3D-0D coupling approach (formulation 4b), where Ω 1 is the domain of interest, Ω 2 is an artificial added part, coupled to a 3-element Windkessel model.
In the whole domain Ω 1 ∪ Ω 2 , 173 ρ ∂u ∂t + ρ(u · ∇u) + ∇p − 2µ∇ · ε(u) + γu = 0 (12)
where γ = 0 in Ω 1 , with the usual transmission conditions (11). We finally couple 
where q = Γ out u· nds. For the sake of simplicity, we assume that the distal pressure 182 p d is constant and equal to zero. 
We define the kinetic energy E K Ω 1 , the viscous power P V Ω 1 and the energy P in entering the domain through Γ in , respectively by:
Energy balance of Formulation 1 (3D-0D coupling). Multiplying (1) by u and 187 integrating over Ω 1 :
Using (2) and the no-slip condition on the wall, the energy equation in Ω 1 reads:
Considering the coupling condition (5) and the energy equation of the 0D model 190 (19), the global energy balance of the 3D-0D coupling method is obtained:
In the presence of reverse flow at an outlet (u · n < 0) the last term may thus have 192 a destabilizing effect.
193
Energy balance of Formulation 2 (3D-0D-Stab coupling). With the same compu-194 tation as in Formulation 1, but considering (6) instead of (5) as a coupling condi-195 tion, the energy equation of Formulation 2 reads:
This formulation is therefore stable in the energy norm for θ ≥ 0.5. If θ = 0.5, 197 as in [29, 36] , the potentially destabilizing term of (24) is exactly balanced by the 198 artificial dissipation when u · n < 0. In some publications, a stronger dissipation is 199 chosen (e.g. θ = 1 in [4]).
200
Energy balance of Formulation 3 (3D-0D-Ptot coupling): . When coupling is done 201 with the total pressure (7), the potentially destabilizing term of (24) disappears in 202 the energy balance:
This formulation is therefore stable in the energy norm.
204
Energy balance of Formulation 4a (3D-3D coupling):. As in Formulation 1, the 205 energy equation in the domain of interest Ω 1 reads:
Similarly, in the artificial domain Ω 2 , from the modified Navier-Stokes equation
207
(8)-(9)-(10):
Using equation (9),
Adding these two relations, the boundary terms in the right-hand side cancel out, 210 due to the transmission condition (11), and the energy balance of Formulation 4a 211 is obtained:
This formulation is therefore stable in the energy norm. Comparing (30) with (26),
where V, S and L respectively denote the volume, the section and the length of the 216 artificial domain Ω 2 .
217
Similarly, the energy balance of Formulation 4b (3D-3D-0D coupling) is thus:
In this hybrid formulation, the outlet inertial term reappears, but, as will be seen in 219 the results, this formulation is stable in practice. 
Denoting R d C by τ, the pressure transmitted to the 3D model at time t n+1 is given
The 3D formulations are discretized with a first-order time scheme and P1/P1 sta- Formulation 1 (3D-0D ). Defining the bilinear form:
the variational formulation of the 3D-0D method reads: Find u n+1 h and p n+1 h such 232 that for every v h and q h ,
233
A
Remark 2.1. Note that the weak form of the viscous term is based on the relation A
Formulation 3 (3D-0D-Ptot ). Defining the bilinear form:
The variational formulation of the 3D-0D-Ptot method reads: Find u n+1 h and p n+1 h 244 such that for every v h and q h ,
245
Remark 2.2. In this formulation, the total pressure only appears in the boundary 246 condition but the pressure unknown is still the static pressure. It is also possible 247 to consider a formulation, based on the relation u · ∇u T = ∇ |u| 2 2 , where the static 248 pressure is replaced by the total pressure as an unknown [22] .
249
Formulation 4a (3D-3D ). Defining the bilinear form: (40) where, α = β = γ = 0 in Ω 1 .
251
The variational formulation of the 3D-3D method reads: Find u n+1 h and p n+1 h such 252 that for every v h and q h ,
253
The variational formulation of Formulation 4b (3D-3D-0D ) is the same with the 254 addition on the right hand side of − Γ out p n+1 c n · v h dx, and taking α = 0, β = 0.
255
Results
256
In this section we present results of all these coupling methods for patient-specific instabilities there are generally observed during deceleration after peak systole.
265
These three cases thus reflect the diversity of typical numerical instabilities seen in 266 cardiovascular simulations. Through them, we highlight differences, benefits and 267 disadvantages in the instability treatments. LPA RPA Lc Rc R p 4 10 1 4 10 1 γ 4.9 10 1 4.9 10 1 C 1 10 −3 1 10 −3 α 2 10 −4 2 10 −4 R d 3 10 2 3 10 2 β 6.7 10 −4 6.7 10 −4
Lout Rout Lc Rc R p 3.6 10 1 3.6 10 1 γ 4.9 4.9 C 1 10 −3 1 10 −3 α 0 0 R d 3 10 2 3 10 2 β 0 0 Table 1 : R p and R d in g cm −4 s −1 , and C in g −1 cm 4 s 2 , α in g −1 cm s 2 , β in g −1 cm s, and γ in g cm −3 s −1 .
This example is a typical PA physiological case. In Figure 4 velocity fields are The 3D-3D approach allows to recover a backflow without instabilities, and simi-307 larly for 3D-3D-0D .
308
In Figure 5 , the 3D-0D-Ptot method exhibits velocity vectors with strong spu-309 rious radial components at the outlet surface [22] . Spurious in and out of plane 310 vectors can also be seen, even though flow is maximally forward. Moreover, 311 computations are not diverging but lead to a very large in-plane pressure gradi- can be assessed, and second that, due to the bifurcation close to the inlet, it is a 346 case of more complex flow than previously.
347
In Table 2 the values of proximal and distal resistances, and capacitances are given 348 for each of the six outlets of the complete geometrical model. These values were 349 generated to reflect clinical measurements [1, 2] . A first simulation is run with the 350 3D-0D coupling approach on the complete geometry. All the coupling methods
351
with the short models are then compared to this reference simulation. 3.19 10 1 4.73 10 1 6.38 10 0 C 4.40 10 −4 1.79 10 −4 5.50 10 −3 R d 2.45 10 2 6.13 10 2 2.95 10 1 4 5 6 R p 1.71 10 1 4.26 10 1 5.75 10 0 C 1.14 10 −3 2.35 10 −4 1.06 10 −2 R d 1.11 10 2 4.63 10 2 1.58 10 1 In Table 3 , the reduced model parameters for the short geometries are given. They 4.44 10 0 5.28 10 0 γ 7.13 10 0 1.29 10 1 C 1.29 10 −2 6.20 10 −3 α 1.96 10 −1 6.35 10 −2 R d 1.33 10 1 2.51 10 1 β 1.14 10 0 4.09 10 −1 Table 3 : Parameters for the different coupling methods in the short models: R p and R d in g cm −4 s −1 , and C in g −1 cm 4 s 2 , α in g −1 cm s 2 , β in g −1 cm s, and γ in g cm −3 s −1 .
In Figure 8 velocity fields in the RPA are compared between the different meth- The obtained flow behavior is thus close to the reference case.
388
The velocity field for the 3D-0D-Ptot coupling method behaves as in the previous 389 patient-specific case of adult pulmonary arteries. However, the computation is di-390 verging.
392
In the figures above, the RPA side is presented. In fact, the LPA is turning in the 393 downstream 3D domain of the reference case in such a way that hemodynam-394 ics are even more different between the reference and the cut models than for the Lastly, Figure 9 shows the corresponding pressure waveforms. The time dy-411 namics are similar for all cases and on both sides, except for the 3D-0D case which 412 diverges in the first cardiac cycle. After the transitory first cycle, the second cycle is 413 closer to a periodic solution with a sharp rise in systole, followed by a smooth dias-414 tole decay. The closest results to the reference case is the 3D-0D-Stab method for 415 both sides. The 3D-3D approach underestimates pressure for both sides. However 416 the hybrid 3D-3D-0D coupling approach more closely reproduces the reference 417 results.
419
To summarize this case, both 3D-0D and 3D-0D-Ptot couplings lead to divergence 420 of the simulation, although there is negative flow rate neither at the inlet nor at the 421 outlets. This is highlighting the need for robust numerical methods in the pres- to remove the iliac branches, and the same cut model but with an artificial 3D part 432 at its descending aorta outlet, containing 499K tetrahedra. Velocity is prescribed 433 at the inlet of the model, as a plug profile following the flow tracing of Figure 10 . 9.63 10 2 2.96 10 2 5.98 10 2 3.57 10 2 1.46 10 3 C 6.21 10 −5 7.67 10 −4 3.80 10 −6 1.40 10 −6 3.03 10 −5 R d 3.36 10 4 1.03 10 4 1.48 10 4 2.51 10 4 1.14 10 5 8 9 10 11 R p 1.08 10 3 4.86 10 2 2.70 10 1 1.59 10 3 C 6.91 10 −5 3.70 10 −6 2.13 10 −5 3.09 10 −5 R d 4.35 10 4 1.49 10 4 1.55 10 4 1.15 10 5 Table 4 : Reduced model parameters for each outlet of the reference model, as labeled in the full model of Figure 10 . R p and R d in g cm −4 s −1 , and C in g −1 cm 4 s 2 . 4.86 10 2 8.21 10 2 3.57 10 2 2.96 10 2 2.70 10 1 5.98 10 2 C 3.70 10 −6 2.05 10 −4 1.40 10 −6 7.67 10 −4 2.13 10 −5 3.80 10 −4 R d 1.49 10 4 2.13 10 4 2.51 10 4 1.03 10 4 1.55 10 4 1.48 10 4 Table 5 : Reduced model parameters for each of the six outlet of the cut model (for the 3D-0D and 3D-0D-Stab coupling methods), as labeled in Figure 10 . R p and R d in g cm −4 s −1 , and C in g −1 cm 4 s 2 . 4.86 10 2 3.57 10 2 2.96 10 2 2.70 10 1 5.98 10 2 C 3.70 10 −6 1.40 10 −6 7.67 10 −4 2.13 10 −5 3.80 10 −6 R d 1.49 10 4 2.51 10 4 1.03 10 4 1.55 10 4 1.48 10 4 cork γ 1.49 10 3 α 1.13 10 −4 β 2.60 10 −5 Table 6 : Reduced model parameters for each outlet of the 3D-3D coupling model, as labeled in the cut model with "cork" in Figure 10 . R p and R d in g cm −4 s −1 , and C in g −1 cm 4 s 2 , α in g −1 cm s 2 , β in g −1 cm s, and γ in g cm −3 s −1 .
Hemodynamics are compared through the cut abdominal aortic surface of the ref- Figure 12 shows the Ptot coupling method results, with spurious radial velocity 473 vectors, exhibiting here particularly the well-known effect of the total pressure 474 coupling [22] . In this case the simulation actually diverges. higher than reference flow rate. The 3D-3D follows closely. The coupling method 486 that reproduces as best as possible the flow tracing from the reference case is the 487 3D-3D-0D coupling method even if the minimum flow is overestimated.
488
In Figure 14 , the corresponding pressure curves are compared: although they 489 all follow the same typical pressure dynamics of a peak in systole followed by a 490 smooth decay in diastole, all coupling methods overestimate the reference pres- In summary for this case, one can observe that both 3D-0D and 3D-0D-Ptot cou-tially destabilizing boundary convective term, the 3D-0D-Ptot coupling method 524 was also implemented. This coupling approach was considered for example in 525 [5, 22] . Similarly to what [22] observed already for stationary flow in a pipe, ab- These two methods highlighted the sensitivity of the simulation stability to the 535 choice of coupling method. It is not a priori possible to predict which simulation 536 will be stable throughout or diverge. Since the first coupling only diverges typi-537 cally with some inward and non-zero tangential velocity vector or complete back 538 flow at the coupling interface, natural ideas are to enforce the tangential compo-539 nent to be zero or to even constrain the whole velocity profile. As these have been 540 shown to be non-ideal [29] , here the convective 3D-0D-Stab method was retained.
541
Recall that it only acts when velocity vectors point inwards at the coupling inter-542 face. It was introduced in [4] for cardiovascular applications with an energetically 543 over-stabilizing effect as discussed above, and successfully tested with a smaller 544 energy-dissipative coefficient (a value of θ of 0.5 or less was found enough to en-545 sure stability) in [29, 31, 32] in cardiovascular and respiratory contexts. In these 546 papers, without this stabilization the simulations would have diverged. Here the 547 version that exactly annihilates the energetically destabilizing convective term was of one) has been proposed by [20] in respiratory mechanics (see this reference for 556 earlier references about imposition of total momentum flux) but it requires to also 557 prescribe the convective term and thus to know the velocity vectors at the coupling 558 boundary or to make some further assumption on the velocity profile at the bound-559 ary [20, 23] . The convective stabilization with θ = 1 resulted in single tube cases 560 in a flatter velocity profile than in their total momentum flux case. It is interesting 561 to note that in respiratory applications for which the back flow is very significant 562 (whole expiration phase), the necessity to stabilize the convective term one way or 563 another was found crucial [23, 26, 32] . 564 565 4.3. Discussion on the modified Navier-Stokes method, its advantages and limits 566 One of our main aims was thus to develop a new three-dimensional finite element 567 coupling method where reduced model parameters were three-dimensionally dis-568 tributed in a modified Navier-Stokes equation into a small outer portion. The goal 569 was to obtain a blood flow behavior as close as possible to a 3D-0D coupling into 570 an extended geometrical model with more branches. From a theoretical point of 571 view, this approach has the advantage that it does not necessitate a coupling condi-572 tion at the interface: it thus does not enforce the normal component of the stress to 573 be homogeneous as in the 3D-0D method or inhomogeneous in an ad-hoc way as in 574 the 3D-0D-Stab method. Another advantage is that it generates an energy balance 575 37 that is similar to the 3D-0D method, but, if the distal boundary of the modified part 576 is set to zero velocity (as was done in the 3D-3D simulations), it does not include 577 the potentially destabilizing convective boundary term. If this distal velocity is not 578 zero (as was the case in the 3D-3D-0D simulations), the velocity field is damped 579 and smoothed by the modified portion before it reaches the boundary, so it does 580 not develop instabilities in practice.
581
Numerically, as a general trend, the results suggest that the 3D-0D-Stab coupling 582 method is more accurately reproducing forward flow whereas during deceleration 583 or reverse flow it is less invasive to use the three-dimensional coupling 3D-3D ap-584 proach than the robust 3D-0D-Stab model. An excellent compromise was reached 585 by the 3D-3D-0D method, a hybrid method which regularizes the flow in an ar-586 tificial portion, with a small dissipative term, representing a small fraction of the 587 proximal resistance. It effectively stabilized the simulations, without significantly 588 affecting forward flow but allowing more freely inward velocity vectors than the 589 3D-0D-Stab method. Regarding pressure and flow tracings at the coupling inter-590 faces of the three patient-specific cases, all coupling methods could reproduce the 591 general temporal dynamics, unless they diverged. However, quantitative pressure 592 and flow differences could be observed. In fact, in biomedical applications, the ex-593 isting coupling methods and the ones developed in this article all involve tuning of 594 the distal parameters in order to be as coherent as possible to clinical hemodynam-595 ics measurements [43] . Such tuning was not the focus of this work, and is matter of 596 intense recent research (e.g [1, 7, 13, 24, 34, 35, 38, 39] ). Here, when the reference 597 model (extended model with Windkessel reduced models at its ends) was available, 
